An elementary construction using binary codes gives new record kissing numbers in dimensions from 32 to 128.
Introduction
Let τ n denote the maximal kissing number in dimension n, that is, the greatest number of n-dimensional spheres that can touch another sphere of the same size. Although asymptotic bounds on τ n are known [5] , little is known about explicit constructions, especially for n > 32.
Up to now the best explicit constructions have come from lattice packings. The kissing number τ of the Barnes-Wall lattice 1 BW n in dimension n = 2 m is m i=1 (2 i + 2), although for m ≥ 5 this is weak (146,880, 9,694,080 and 1,260,230,400 in dimensions 32, 64 and 128, for example).
In contrast, Quebbemann's lattice Q 32 [15] , [5, Chap. 8] has τ = 261,120.
In recent years the kissing numbers of a few other lattices in dimensions > 32 have been determined. Nebe [11] shows that the Mordell-Weil lattice M W 44 has τ = 2,708,112. Nebe [12] shows that a 64-dimensional lattice constructed in [11] is extremal 3-modular, and so by modular form theory has τ = 138,458,880. Bachoc and Nebe [1] give an 80-dimensional lattice with τ = 1,250,172,000. Elkies [6] calculated the kissing number of his lattice M W 128 : it is 218,044,170,240, over 170 times that of BW 128 .
In the present note, we show that an elementary construction using binary codes gives better values than all of these. However, our packings are just local arrangements of spheres around the origin: we do not know if they can be modified to produce dense infinite packings.
The construction
Let C(n, d) (resp. C(n, d, w)) denote a set of binary vectors of length n and Hamming distance ≥ d apart (resp. and with constant weight w). The maximal size of such a set is denoted by A(n, d) (resp. A(n, d, w)) [2] , [10] .
One way to achieve the kissing number τ 8 = 240 in eight dimensions is to take as centers of spheres the vectors of shape ±1 8 , with a unique support (a code C(8, 8, 8)!) and signs taken from a C(8, 2), together with the vectors of shape ±2 2 0 6 , where the supports are taken from a C(8, 2, 2) and the signs from a C(2, 1). Taking all these codes to be as large as possible, we obtain a total of
spheres touching the sphere at the origin.
Our construction generalizes this as follows. For a given dimension n, we choose a sequence of support sizes n 0 , n 1 , . . . , n µ satisfying
The ν th set of centers that we use, for 0 ≤ ν ≤ µ, consists of vectors of shape ±a nν ν 0 n−nν , where a ν = n 0 /n ν , the supports are taken from a C(n, n ν , n ν ) and the signs from a C(n ν , nν 4 ). With optimal codes, the total number of vectors is
It is easy to check that all vectors have length √ n 0 , and that by (1) the distance between any two distinct vectors is ≥ √ n 0 . It follows that (2) is a lower bound on τ n .
Remarks
(1) Even if we do not know the exact values of A(n, d, w) and A(n, d) mentioned in (2), we can replace them by any available lower bounds, and still obtain a lower bound on the kissing number τ n . There is some freedom in choosing the n ν , which helps to compensate for our ignorance.
(2) A table of lower bounds on A(n, d) has been given by Litsyn [8] , extending the table in [10] . A table of lower bounds on A(n, d, w) for n ≤ 28 is given in [2] , but for larger n little is known. A very incomplete table for n > 28 can be found in [16] .
(3) The construction gives a set of points on a sphere with angular separation of 60 • . It can obviously be modified to produce spherical codes with other angles.
Examples
We illustrate the construction by giving new records in dimensions 32, 36, 40, 44, 64, 80
and 128. For other examples see [13] , and for further details about the codes see [8] , [16] . n=48. In 48 dimensions the three known extremal unimodular lattices [5] , [11] have kissing number 52,416,000. Our present construction gives less than half this value.
n=64. The words of weight 16 in an extended cyclic code C(64, 16) of size 2 28 from [14] show that A(64, 16, 16) ≥ 30,828. In this way we obtain a kissing number of 331,737,984.
n=80. By taking 4 orbits under L 2 (79) we obtain A(80, 16, 16) ≥ 143,780. We take n 0 = 64, n 1 = 16, n 2 = 4, n 3 = 1 and obtain τ ≥ 1,368,532,064.
n=128. This is the most dramatic improvement, so we give a little more detail. Our con- We do not expect any of these new records to survive for long, since our lower bounds for A(n, d) and A(n, d, w) are very weak. However, it is interesting that such a simple construction gives such dramatic improvements over the kissing numbers of the best lattices known.
Postscript. Victor Zinoviev has pointed out to us that in 1992 he and T. Ericson [7] obtained kissing numbers of 858800 in dimension 40 and 273935235 in dimension 64 by similar methods. Warren D. Smith (unpublished) used these methods to construct spherical codes in the 1980's.
